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Set-valued dynamic risk measures are defined on L^(J-V) with < p < oo and with an image 
space in the power set of L v d (Tt). Primal and dual representations of dynamic risk measures are 
deduced. Definitions of different time consistency properties in the set-valued framework are 
given. It is shown that the recursive form for multivariate risk measures as well as an additive 
property for the acceptance sets is equivalent to a stronger time consistency property called 
multi-portfolio time consistency. 
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Introduction 



Sc alar risk meas u res, defined axioma t ically by jArtzner et ~d\ <jl99flh and further studied 



in 



Delbaenl (j2002T ).l Follmer and Schiedl (|2002l . 1201 ll ). provide the minimal capital required (in 



some numeraire) needed to cover the risk of a contingent claim. In markets with transaction 
costs multivariate risks, that is I € LZ{Tt), need to be considered if one does not want to 
assume that X needs to be liquidated into a given numeraire asset first, or if one does not 
wa nt to choose one particular asset as a numeraire. In such a numeraire free model initiated 
bv iKabanovl <jl99flh the value of the risk measure is a collection of portfolio vectors describ- 
ing, for example, the amount of money in different currencies that compensate for the risk of 
X. Then, 'minimal capital requirements' correspond to the set of efficient points (the efficient 
frontier) of the set of risk compensating portfolio vectors. Mathematically it is easier to work 
with the set of all risk compensating portfolio vectors than with the set of its minimal elements 
(nevertheless, in both cases the value of the risk measure would be a set!). For example, the 
whole set is convex for convex risk measures, whereas the set of minimal elements is rarely a 
convex set. Thus, considering multivariate risks in a market with transaction costs leads natu- 
rally to set-valued risk measures. In a static, on e-period framework s et- valued risk measures an d 
their dual representations have been studied in Jouini et al. ( 20041 ) . lHamel and Rudlofi ( 20081 ). 
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Hamel and Hevde ( 2010T). Hamel et al\ ( 2011) and th e ir val ues and minimal elements have been 
Lohne and Rudlofll (l20l"lh lHamel eTaH (j2012l ). 



computed in 

In this paper we want to explore set-valued risk measures in a dynamic set-up, when the 
risk of X is reevaluated at discrete time points t € {0, 1, . . . ,T}. We will define dynamic set- 



valued risk measures and study their dual representation. Most importantly, we will 
time consistency- In the scalar case, those results are well understood. We refer to 


study 
Riedell 


(2004). Bion-Nadal ( 


2004), Detlefsen and Scandolo! (20051). Ruszczvnski and Shapiro ( 


2006). 


Cheridito et al. (2006 


). Follmer and Pennei (2006). Artzner et al. (2007), Cheridito and Stadie 


( 20091). ICheridito and KuDDei (2011). Acciaio and Penner! (201ll). Follmer and Schied (2011) for 


the discrete time case and Frittelli and Rosazza Gianin ( 20041) . iDelbaen ( 20061) . iDelbaen et al. 



relations between portfolios are constant (backwards) in time. It is a well known result in the 
scalar case that time consistency is equivalent to a recursive representation which allows for 
calculations via Bellman's principle. Is something similar true in the set-valued case? 

This question will be answered in section [3j The difficulty lies in the fact that the time 
consistency property for scalar risk measures can be generalized to set-valued risk measures in 
different ways. The most intuitive generalization we will call time consistency. We will show that 
the equivalence between a recursive form of the risk measure and time consistency, which is a 
central result in the scalar case, does not hold in the set-valued framework. Instead, we propose 
an alternative generalization, which we will call multi-portfolio time consistency and show that 
this property is indeed equivalent to the recursive form as well as to an additive property for the 
acceptance sets. Multi-portfolio time consistency is a stronger property than time consistency, 
however in th e scalar framework both not ions coincide. In section 13. 2\ the idea described in the 
scalar case in Cheridito and Stadjd (|2009l ) to generate a new time-consistent risk measure from 



any dynamic risk measure by composing them backwards in time is studied in the set-valued 
case. Section |4] studies the dual representation of c onvex and coh erent dynamic set-valued risk 
measures using the set-valued duality approach by Hamell (j2009T ). Surprisingly, the conditional 



expectations we would expect in the dual representation of dynamic risk measures (having the 
scalar case in mind) appear on ly after a tran sformation of dual variables from the classical dual 
pairs in the set-valued theory of Hamel ( 20091 ) to dual pairs involving vector probability measures. 



This leads to dual representation in the spirit of the well known scalar case (theorem 14.71 and 
corollary I4.8p . The paper concludes with section [5] discussing two examples of dynamic risk 
measures. First, we show that the set of superhedging portfolios in markets with proportional 
transaction costs is a multi-portfolio time consistent dynamic coherent risk measure. We show 
that the recursive form leads to and simplifies the proof of the recursive algorithm given in 
Lohne and RudlofJ (|201ll ). This result gives a hint that the set-valued recursive form of multi- 



portfolio time consistent risk measures is very useful in practice and might lead to a set-valued 
analog of Bellman's principle. The second example is the dynamic set-valued version of the 
average value at risk, which is not multi-portfolio time consistent, but a multi-portfolio time 
consistent version can be obtained by backward composition. 
Dynamic risk measure s for markets with tra nsaction costs appear in various settings in the 



very recent literature. In lBielecki et al\ (|2012al ). dynamic coherent risk measures are considered 
with transaction costs, accomplishing this by co nsidering a fam i ly of sc alar r isk measures via dy- 
namic coherent acceptability indices (studied in Bielecki et al. ( 2012bl )). In Jacka and Berkaoui 



(|201ll ) scalar dynamic coherent risk mea sures with respect to a se t of nu meraires are consid- 
ered and time consistency is studied. In iBen Tahar and Lepinettd ( 2012 ) dynamic set- valued 



coherent risk measures are defined for bounded (w.r.t. the solvency cone) random vectors. They 
provide a corresponding duality result w.r.t measurable selectors, which does not involve con- 
ditional expectation representations in general. Time-consistency issues are not discussed in 
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Ben Tahar and Lepinettel ( 2012 ). Compared to these approaches in the literature, we can treat 
dynamic convex risk measures as well, we are able to provide a dual representation with a 
clear relation to the conditional expectation representation of the scalar case. Furthermore, the 
connection to linear vector optimization en ables the computati o n of (d ynamic) set-valued risk 
measures, see the two examples discussed in lLohne and Rudlofll (l201ll ). lHamel et all (I2012T ). 



2. Dynamic risk measures 

Consider a filtered probability space (Q,J-t, {J~t)l = Q satisfying the usual conditions with J-q 



the trivial sigma algebra. Let | • 
p G [0, oo]. If p = then L%Ft. 
functions X : Q, — > M. d . For p 
tions X : n -> M d such that 

esssup^gQ 1^(^)1 < +°° f° r P 1 



| be an arbitrary norm in M. a . Denote by L p AJ-t) = J-t, P), 

is the linear space of the equivalence classes of J-j-measurable 
> 0, L p d {Ft) denotes the linear space of J^-measurable func- 
\\X\\ P = j n \X{u))\PaT < +oo for p G (0,oo), and {{X^ = 
-- oo. We write L p d {F t )+ = {l£ L p (T t ) : lelfP- a.s.} for 



is 



the closed convex cone of Revalued J^-measurable random vectors with non-negative compo- 
nents. Note that an element X G L p d {J-t) has components X\, . . . , X<j in IPiTt) = L p (J-t). We 
denote by L p d {Tt\ Dt) those random vectors in iPJ^Tt) that take P-a.s. values in Dt. (In-)equalities 
between random vectors are always understood componentwise in the P-a.s. sense. The multi- 
plication between a random variable A G L°°(J-t) and a set of random vectors D C L p d [J-j' 
understood as \D = {XY : Y G D} C L P (T T ) with (XY)(u) = X(u)Y(u). 
Let d be the number of assets in a dis c rete t i me market with t G {0,1 



, T 1 ). As in iKabanovl 

and discussed in ISchachermayerl (|2004l ) , iKabanov and SafarianI (|2009l ) , the portfolios in 
this paper are in "physical units" of an asset rather than the value in a fixed numeraire. That 
is, for a portfolio X G L p d {Ft)^ the values of Xi (for 1 < i < d) are the number of units of asset 
i in the portfolio at time t. 

We will define set-valued risk measures as a function mapping a contingent claim into a set of 
portfolios which can be used to cover the risk of that claim. In this way we must introduce the set 
of potential risk covering portfolios. We will let Mt be an J^-measurable set such that Mt(oj) is 
a subspace of M. d for almost every uj G 0. Then M t := L p d (Ft] Mt) is a clos ed (weak* closed if p = 
-foo) linear subspace of Lj(Jf), see section 5.4 and proposition 5.5.1 in Kabanov and SafarianI 
( 20091 ). We call the portfolios in M t the eligible portfolios. The set of eligible portfolios includes 
possibilities such as: a single asset or currency, a basket of assets, or a specified ratio of assets. 



Exam pl e 2.1 : In the sc alar 
Detlefsen and Scandolol 




iBion-Nadal 




fra mework (see e . g . 



(2005 ). ICheridito et al 



Follmer and Penner ( 20061 ) 



Artzner et al. (2007). Riedel 


(2006). 


Ruszczvnski and Shapiro 


), Cheridito and Stadie ( 


20091). 



M t (u) = {me 
assets is 



:Vj G{2,3,...,d} 



0} for almost every thus the set of eligible 



{m G L p (T t ) : Vj G {2,3, ... ,4 : m, = 0} 



when the numeraire is taken to be the first asset. 

It is possible that the set of eligible portfolios may change through time and even depend on 
the state of the world, however a more common situation is for a constant underlying set to be 
used. That is, Mt = Mq almost surely for every time t G {1, . . . , T} where Mq is a subspace of M. d . 
This is the case for the eligible portfolios for scalar risk measures, as described in example 12.11 
Notice that a constant set of eligible assets in particular implies Mt Q Mt+i for all times t, which 
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we will see in section [3] to be a necessary property for the equivalence of the recursive form and 
a property of the acceptance sets. 

We will denote the set of nonnegative eligible portfolios by (M t ) + = M t r\L p d (Ft)+ and the set 
of strictly positive eligible portfolios by (M t ) ++ = M t n L p d {Ft) ++ . We can analogously define 

(Mt)_ and (Mt) . We will assume (Mt)+ is nontrivial, i.e. (Mt)+ ^ {0}. This property is 

satisfied for scalar risk measures, as given in example 12.11 

2.1. Dynamic risk measures 

A conditional risk measure Rt is a function which maps a ti-dimensional random variable X into 
a subset of the power set of the space M t of eligible portfolios at time t. The set Rt(X) contains 
those portfolio vectors that can be used to cover the risk of the input portfolio. Consider L^AJ-t) 
with p G [0, +oo] as the pre-image space and recall that Mt C L^(J-t). In this paper we study 
risk measures 

Rt : L%T T ) -4 V (M t ; (M t )+) := {D C M t : D = D + (M t )+} . 

Conceptually the image space V (M t ; (M t ) + ) contains the proper sets to consider. This is since 
if some portfolio mt G Mt covers the risk of a portfolio then so should any eligible portfolio that 
is (almost surely) greater than mt, i.e. an element of mt + (Mt)+. The choice of the image space 
is further discussed in remark [TJ 

Definition 2.2: A function R t : L^Tt) — > V (M t ; (M t ) + ) is a conditional risk measure 
at time t if it is 

(i) M t -translative: Vrrii G M t : R t (X + m t ) = R t (X) - m t ; 

(ii) L^(J" T ) + -monotone: Y -X £ L v d (T T ) + =► Rt(Y) 2 Rt(X); 

(iii) finite at zero: / R t (0) / M t . 

Conceptually, Rt(X) is the set of eligible portfolios which compensate for the risk of the port- 
folio X at time t. In this sense, Mt-translativity implies that if part of the risk is covered, only 
the remaining risk needs to be considered. This property in the scalar framework is sometimes 
called cash-invariance. L^(J-7 i ) + -monotonicity also has a clear interpretation: if a random vector 
Y G L^(^t) dominates another random vector X G L^J 7 ^), then there should be more possi- 
bilities to compensate the risk of Y (in particular cheaper ones) than for X. Finiteness at zero 
means that there is an eligible portfolio at time t which covers the risk of the zero payoff, but 
not all portfolios compensate for it. 

Beyond these bare minimum of properties given in definition l2.2( there are additional properties 
that are desirable and are described in definition 12.51 Notable among these is i£t-compatibility 
(defined below). This property allows for a portfolio manager to take advantage of trading op- 
portunities when assessing the risk of a position. For such a con cept we need a m a rket model. Let 
us consider a market with proportional transaction costs as in iKabanov ISchachermayerl 



( 20041 ) . IKabanov and Safarian ( 20091 ). which is modeled by a sequence of solvency cones (K t )J =0 



describing a conical market model. Kt is a solvency cone at time t if it is an .^-measurable cone 
such that for every oj G U, K t (ui) is a closed convex cone with C K t (oj) C M. d . K t can be 



genera t ed by the time t bid-a s k exchange rates between any two assets, for details see IKabanov 



( 19991 ) . TSchachermayer ( 20041 ). IKabanov and Safarian ( 20091 ) and examples [2T3l and [2741 below 



The financial interpretation of the solvency cone at time t is the set of positions which can be 
exchanged into a nonnegative portfolio at time t by trading according to the prevailing bid-ask 
exchange rates. Let us denote by Kf 1 * := M t H L p d (F t ;Kt) C L p d (Tt) the cone of solvent eligible 
portfolios only. 
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Example 2.3 : In frictionless markets, the solvency cone Kt(oj) at time t and in state oj G f2 
is the positive halfspace defined by 



K t {u) = jjfe G R d : Stiujfk > o} 



where St is the (random) vector of prices in some numeraire. 

Example 2.4: Assume that we have a sequence of (random) bid-ask matrices (rb)^L , as 
in lSchachermayer (2004), where is the (random) number of units of asset i needed to purchase 



one unit of asset j at time t (where i,j 6 {1, 2, d}). Then the corresponding market model 
is given by the sequence of solvency cones (Kt) t=0 defined such that Kt(ui) C R rf is the convex 
cone spanned by the unit vectors e l for every i G {1,2, ...,d} and the vectors tt\ ] {u:)e l — e 3 for 
every i,j G {1,2, ...,d}. 

Definition 2.5: A conditional risk measure Rt : L^(Tt) — > V (Mt; (M t )+) is called 

• convex if for all A, Y G L^(Tt), for all AG [0, 1] 

R t (XX + (1 - X)Y) D XRt(X) + (1 - X)R t (Y); 

• conditionally convex if for all 1,7 £ L^(Tt), for all A G L°°(J : t ) s.t. < A < 1 

i?t(AA + (1 - A)Y) D XR t (X) + (1 - A)^ t (y); 

• positive homogeneous if for all A G L^Tt), for all A G K++ 

i? 4 (AA) = A^t(A); 

• conditionally positive homogeneous if for all A G L^Tt), for all A G L°°(J r t ) ++ 

R t (XX) = XR t (X); 

• subadditive if for all A, F G LPJJFt) 

Rt{X + Y) D R t (X) + R t {Y)- 

• coherent if it is convex and positive homogeneous, or subadditive and positive homoge- 
neous; 

• conditionally coherent if it is conditionally convex and conditionally positive homoge- 
neous, or subadditive and conditionally positive homogeneous; 

• normalized if R t (X) = R t (X) + R t (0) for every A G L p d {F T )] 

• closed if the graph of Rt, defined by 

graphic = {(A,u) G L%JF T ) X M t : u G R t (X)} , (1) 

is closed (a (L^ (J 7 t), L^(Jr))-closed if p = oo); 

• Kt-compatible (i.e. allowing trading at time t) if Rt{X) = Rt{X) + K^ 1 * where Kt is a 
solvency cone at time t; 

• local if 1,4-Ri (l^A) = lARt(X) for all A G L^(J-r) and ^4 G J^, where the stochastic 
indicator function is denoted by 1a (w) being 1 if cj G A and if u ^ A. 
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Before discussing the properties mentioned above, we will define dynamic risk measures. A 
dynamic risk measure is a series of conditional risk measures. In this way we can construct the 
process of risk compensating portfolios. 

Definition 2.6: (Rt)J = Q is a dynamic risk measure if Rt is a conditional risk measure for 
every t € {0, 1, T}. 

Definition 2.7: A dynamic risk measure (-Rj)^lo * s sa ^ to nave one °f the properties given 
in definition 12.51 if Rt has this property for every t € {0, 1, ...,T}. 

A dynamic risk measure (Rt) t=0 is called market- compatible (i.e. trading is allowed at any 
time point t € {0, 1, ...,T}) if Rt is incompatible for every t G {0, 1, ...,T}. 



We now discuss the properties from definition 12.51 in the order given. 

(Conditional) convexity is regarded as a useful property for dynamic risk measures because it 
define s a regulatory scheme which pro motes divers if icatio n as discussed in lFollmer and Schied 
(|2002r ) 



m 



the scalar static case and Hamel et al. ( 201ll ) 



in the set-valued static case. The 
values of a (conditionally) convex set-valued conditional risk measure Rt are (conditionally) 
convex. The distinction between convexity and conditional convexity is whether the combina- 
tion of portfolios can depend on the state of the market. Trivially it can be seen that condi- 
tion al convexity is a stronge r prop e rty than convexity. Typical ly , in the scalar framewo rk (see 
e.g. iDetlefsen and Scandolol fil), iFollmer and Penned (1200611. ICheridito et all (120061) ) onh 



cond i tional convexity is considered; though Kloppel and Schweizei ( 20071 ). lBion-Nadall(|20oI 
20081 . 12009T ) consider convex local risk measures instead. 

If Rt is positive homogeneous then Rt(0) is a cone and if Rt is sublinear (positive homogeneous 
and subadditive), then Rt(0) is a convex cone which is included in the recession cone of Rt{X) 
for all X € L p AJ-t)- Therefore, as in the scalar framework, any closed coherent risk measure is 
normalized. 

Let us give an interpretation of the normalization property. A normalized closed conditional 

risk measure Rt satisfies {Mt) + C Rt(0) and Rt(0) H (Mj) = 0. Thus, nonnegative portfolios 

cover the risk of the zero payoff, but strictly negative portfolios cannot cover that risk. This 
clearly is the set-valued analog of the scalar normalization property given by p(0) = 0. As it is 
typical in the set-valued framework, there is not a unique generalization of the normalization 
property for scalar risk measures to the set-valued case. Note that for set- va lued risk measures 
norma l ization could be de f ined also in a 'weaker' sense, as it was done in lHamel and Heyde 
(l2010T ). lHamel and Rudlol (I2008T ). by directly imposing (M t ) + C R t (0) and R t (0) n (M t )__ = 0. 
In this paper, we will use the definition given in definition 12.51 for several reasons. First, it turns 
out to be the appropriate property when discussing time consistency of ris k measures. Also, i n 
the closed coherent set-valued case both notions coincide, see property 3.1 in I.Touini et al] (I2004T ) . 
Second, any conditional risk measure (that is finite at zero) can be normalized in the following 
way. The normalized version Rt of a conditional risk measure Rt is defined by 

R t {X) = R t {X) - R t (0) :={ueM t :u + R t (0) C R t (X)} 

for every X £ L^J-f). Th e operation A — B for s ets A, B is someti mes called the Minkowski 
difference ( Had wiser or geometric difference (jPontrjaginl (jl98ll )). This difference not at on 

trivially shows how the normalization procedure introduced above relates to the normalized 
version for scalar risk measures given by pt(X) — pt(0). The normalized version Rt(X) will also 
satisfy (M t )+ C R t (0) and R t (0) n (M t )__ = 0. 

For convex duality results a closedness property is necessary. Any set-valued function Rt with 
a closed graph has closed values, i.e. Rt{X) is a closed set for every X € L P d {TT)- 

As previously mentioned, i^f-compatibility means that trading at time t is allowed. If u G 
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Rt(X) is a risk compensating portfolio for X at time t, then also every portfolio in u + 
compensates for the risk of X. This is accomplished by trading the new risk covering portfolio 
v G u + Kf 1 ' into an element in u + L p Aj-t)+, and thus into u as well. Market-compatibility 
is the corresponding property for dynamic risk measures, when trading at each time point t G 
{0, 1, T} is allowed. 

The local property is a desirable property for dynamic se t-valued risk measures. It ha s 
been studied for scala r dynamic risk measures for example in Detlefsen and Scandolo ( 20051 ). 



Cheridito and Kupper ( 201ll ). TFilipovic et al. ( 2011 ). The local property ensures that the out- 



put of a risk measure at time t at a specific state in Tt only depends on the payoff in scenarios 
that can still be reached from this state, as we would expect of a risk compensating portfolio. 

Proposition 2.8: Any conditionally convex risk measure Rt : L^(Tt) — > V (M t ; (Mf)+) is 
local. 



The proof is an adaption from the proof of lemma 3.4 in Filipovic et al. ( 201ll ) with the 
convention that • Rt(X) = (M t )+ for any X G LFJJFt). 

Proof: Let X G L^{J~t) and A G Tt- By convexity it is obvious that 

R t (l A X) ^ l A Rt(X) + l A «Rt(Q) 

= \ A R t {\ A {l A X) + 1 M X) + l A oR t (0) 5 l A R t {l A X) + l A *Rt(0). 

Multiplying through by 1 A , then the left and right sides are equal, therefore l A Rt(l A X) = 
l A Rt(X). □ 

Remark 1 : From Mt-translativity and monotonicity it follows that Rt(X) = Rt(X) + (Mt) + , 
which mathematically justifies the choice of the image space of a conditional risk measure to be 
V (Mt; (M t )+) instead of the full powerset 2 Mt . The image space of a closed convex conditional 
risk measure is 

g(M t ; (M t )+) = {D C Mt : D = clco (D + (M) + )} . 
If Rt is additionally i^t-compatible, then Rt maps into 

G(Mf, K?*) = [D C M t :D = c\co[d + K^A } . 
2.2. Dynamic acceptance sets 

Acceptance sets are intrinsically linked to risk measures. A set-valued risk measure provides the 
portfolios which compensate for the risk of a contingent claim, whereas a portfolio is an element 
of the acceptance set if its risk does not need to be covered. Typically, a conditional acceptance 
set at time t is given by a regulator or risk manager. We will show below in remark [2] that 
there exists a bije ctive relation betwe en risk measures and acceptance sets. Expanding upon the 



definition given in lHamel et al\ (120111 ) for the acceptance set of a static set-valued risk measures, 



we now define acceptance sets for dynamic set-valued risk measures. 

Definition 2.9: At C LPAJFt) is a conditional acceptance set at time t if it satisfies the 
following: 

(i) M t n A t 0, 

(ii) M t n (L p d {F T )\A t ) + 0, and 
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(iii) A t + L p d (T T ) + QA t . 

The propertie s given in definition^, 9l are the minimal requirements for a conditional acceptance 



set. As noted in lHamel et all (| 20 111 ) these are conditions that any rational regulator would agree 



upon. They imply that there is an eligible portfolio at time t that is accepted by the regulator, but 
there exists an eligible portfolio which would itself require compensation to make it acceptable. 
The last condition means that if a portfolio is acceptable to the regulator then any portfolio 
with at least as much of each asset will also be acceptable. 

Remark 2 : It can be seen that there is a one-to-one relationship between acceptance sets and 
risk measures in the dynamic setting. In particular, if we define the set 

A Rt := {X G L%F T ) : G Rt(X)} 

for a given conditional risk measure Rt, then An t satisfies the properties of definition 12.91 and 
thus is a conditional acceptance set. On the other hand, defining 

(X) :={ueM t :X + ue A t } (2) 

for a given conditional acceptance set At ensures that Rf* is a conditional risk measure. Further, 
it can trivially be shown that At = A R A t and Rt(-) = Rt **(•)■ Equation ([2]) is often referred to 
as the primal representation for the risk measure and provides the capital requirement interpre- 
tation of a risk measure. 

Example 2.10: The worst case risk measure is given by Rj^ c (X) = 
\u G M t : X + u G L^(J 7 t)+} with the acceptance set L^(Tt)+- 

The following proposition is a list of corresponding properties between classes of conditional 
risk measures and classes of conditional acceptance sets. If a risk measure Rt has the (risk 
measure) property then Aji t has the corresponding (acceptance set) property, and vice versa: if 
an acceptance set At has the (acceptance set) property then Rf* has the corresponding (risk 
measure) property. 

Proposition 2.11: The following properties are in a one-to-one relationship for a conditional 
risk measure Rt : IPJ^Ft) — > V {M t ; (Mt)+) and an acceptance set A t C LP^Tt) at time t: 

(i) Rt is B-monotone, and At + B C At, where B C Lj(J-'t); 

(ii) Rt maps into the set 

V (M t ; C) = {DQM t :D = D + C}, 

and i t + CC A t , where C C M t with G clC; 

(iii) Rt is (conditionally) convex, and At is (conditionally) convex; 

(iv) Rt is (conditionally) positive homogeneous, and At is a (conditional) cone; 

(v) Rt is subadditive, and At + At C A t ; 

(vi) Rt is sublinear, and A t is a convex cone; 

(vii) Rt has a closed graph, and At is closed; 

(viii) R t (X) ^ for all X G L v d (T T ), and L p d (F T ) = A t + M t ; 

(ix) R t (X) + M t for all X G L%F T ), and L%F T ) = (L p d (T T )\A t ) + M t . 

Proof: All these properties follow from adaptations from proposition 6.5 in Hamel et all (|201ll ). 

□ 



24, 2012 10:20 



Time consistency in markets with transaction costs 



It can be seen that property (ii) in proposition 12 . 1 1 1 corresponds to normalization (C = Rt(0) 



A t n M t ) and ^-compatibility (C = K^ h ). 



Example 2.12 [Example 12. 101 continued]: The worst case risk measure is a closed coherent risk 
measure. In fact, the worst case acceptance set is the smallest closed normalized acceptance set. 



3. Time consistency 

In this section we will study two different time consistency properties for set-valued dynamic risk 
measures. Most generally, time consistency properties concern how risk relates through time. A 
risk manager would want the risk compensating portfolios to not conflict with each other as time 
progresses. In the scalar framework time consistency is defined by 

p t+1 (X) > p t+1 (Y) ^ p t (X) > p t (Y) 

for all times t and portfolios X, Y 6 J-P{Tt)- This means that if it is known, a priori, that 
one portfolio is less risky than another in (almost) every state of the world, this relation holds 
backwards in time. In particular, by compensating for the risks of X then the risks of Y could 
also be covered. 

A key result in the scalar framework is the equivalence between time consistency 
and a recursive representation given by Pt{X) = pt(—pt+i(X)) for all portfolios X 
and times t. This recursive form relates to Bellman's principle which provides an ef- 
ficient method for calculation. Time consistency, the recursive formulation, and other 
equivale nt properties has b e en stu d ied i n great detail in the s calar case in papers 
such as lArtzner et all (120071^1. iRiedell (1200411 . iDetlefsen and Scandolol (120051') . ICheridito et all 



(1200611. iRuszczvnski and Shapirol (l200flh . iBion-Nadall (I2008T). iFbllm er and Pennerl (l200fil) 
Cheridito and Stadjel (|2009l l . ICheridito and Kupperl (|2011n . 



When generalizing to the set-valued framework we present two different properties which are 
analogous to time consistency in the scalar framework. The first property we present, which we 
call 'time consistency' is the intuitive generalization of scalar time consistency. The other prop- 
erty, which we call 'multi-portfolio time consistency,' is shown to be equivalent to the recursive 
form for set- valued risk measures. We will demonstrate how both notions are related to each 
other and under which conditions they coincide. 



Definition 3.1: A dynamic risk measure (Rt) t - 
t € {0, 1, T - 1} and X, Y € L P JT T ) it holds 



is called time consistent if for all times 



R t+ i{X) C R t+ i(Y) R t (X) C R t (Y). 

As in the scalar case described previously, time consistency implies that if it is known at some 
future time that every eligible portfolio which covers the risk of a claim X also would cover the 
claim Y, then any prior time if a portfolio covers the risk of X it would also do so for Y. 

The recursive form for set-valued risk measures is understood pointwise. That is, 



R t (-R t+1 (X)) 



U 

zeR t +i{x) 



■Z). 



Then the generalization of the recursion from the scalar case is given by Rt(X) = Rt(—Rt+i(X)). 
This can be seen as a set-valued Bellman's principle. 
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3.1. Multi-portfolio time consistency 

We introduce multi-portfolio time consistency in definition 13.21 below. In theorem 13.41 we show 
that multi-portfolio time consistency is equivalent to the recursive form for normalized risk 
measures. In example 13.71 we show that time consistency is a weaker property than multi- 
portfolio time consistency. Furthermore, we will show in lemma 13.81 and remark [5] below that 
both concepts coincide in the scalar case. 

Definition 3.2: A dynamic risk measure (Rt)J =0 is called multi-portfolio time consistent 

if for all times t€{0,l,...,T — 1} and all sets A, B C LK(J-j<) the implication 

|J R t+ i{X) C |J R t+1 (Y) => |J Rt(X) C |J tf t (Y) (3) 
xgA ygb xeA ygb 

is satisfied. 

Conceptually multi-portfolio time consistency of a dynamic risk measure means that if a 
market sector, i.e. a collection of portfolios, is more risky than another sector at some future 
time, then the same must be true for prior times. A market sector A is considered more risky 
than sector B if any portfolio which compensates for the risk of a claim in A would also cover 
the risk of a claim in B. Trivially a risk measure which is multi-portfolio time consistent is also 
time consistent, but the converse is not true in general (see example I3.T() . 

We prove now that the recursive structure is equivalent to multi-portfolio time consistency for 
normalized risk measures. Additionally, given extra assumptions on the sets of eligible assets, 
we demonstrate the equivalence between these properties and a property on the acceptance sets. 
We will later show, in section 13. 2| how to use these properties to construct multi-portfolio time 
consistent risk measures. 

For the remainder of this section the convention that At = Ar { for a conditional risk measure 
Rt at time t will be used. The s-stepped acceptance set at time t is defined as below. 

Definition 3.3: The set A^t+s f= ^di^t+s) defined by 

A t:t+S = {Xe L p d (F t+s ) : G R t (X)} =A t n L p d (F t+s ) 

is called s-stepped acceptance set at time t. 

Furthermore, denote the intersection of the s-stepped acceptance set at time t and the set of 
time t + s eligible portfolios by A t ^g , that is, 

A?fc; = A tjt+S n M t+S = A t n M t+S . 

Theorem 3.4 : For a normalized dynamic risk measure (Rt) t=0 the following are equivalent: 

(i) (Rt) t=0 is multi-portfolio time consistent; 
(ii) for every time t € {0, 1, T — 1} and A,BC L p d (FT) 



|J R t+1 (X) = |J R t+l {Y) |J R t (X) = |J R t (Y); 

XGA YeB X&A YeB 
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ii 



(Hi) Rt is recursive, that is for every time t & {0, 1, ...,T — 1} 

Rt(X)= (J R t (-Z) =: R t (-R t+1 (X)). 

zeR t+1 (x) 



(4) 



If additionally M t C M t+ i /or every time t £ {0, 1,...,T — 1} f/ien a// o/ the above is also 
equivalent to 

(iv) for every time t € {0, 1, T — 1} 



A t = A t+1 +A^{. 



Proof: It can trivially be seen that property (i) implies property (ii) By (Rt) t=0 normalized it 
follows that for every X € IFJJFt) and t € {0, 1, ...,T — 1} it holds 

|J R t+ i(-Z)= |J (R t+1 (0) + Z) 

zeR t+1 (x) zeR t+1 (X) 

= R t+1 (0) + R t+1 (X) = R t+1 (X). 



Thus by property (ii) and setting A = {X} and B 
in equation (j4|) is derived and thus property 



m 



Rt+i(X), the recursive form defined 
It remains to show that (iii) implies multi- 



portfolio time consistency as defined in definition I3.2( i.e. property (i) If A,B C L p ,{J-t) such 

that U XGA Rt+i(X) C (Jygb Rt+x(y) an d ^ (Rt)t=o ^ e recursive (as defined in equation fl3J)) 
then 

U R ^ x ) = U U ^(-^) = U R ^~ z ) 

XeA X£AZ£R t+1 (X) ZdVJ xeA R t+1 {X) 

C |J ^(-Z) = |J R t (Y). 

Z£U YeB R t+1 {Y) Y£B 

Finally if Mt C Mt + i for every time i G {0, 1, T— 1} then by lemma [3761 b elow property (iv) is 
equivalent to the recursive form, i.e. is equivalent to (Rt)J =0 being multi-portfolio time consistent. 

□ 

As mentioned at the beginning of section [2j the extra condition needed for property (iv) in 
theorem 13. 4| that is Mt C Mt+ S for s,t > with t,t + s € {0,1,..., T}, is satisfied in many 
situations that are usually considered as this is met if Mt = Mq P-almost surely. In particular, 
in the scalar framework this condition is always satisfied, see example 12.11 

Remark 3 : As it is trivially noticed using the acceptance set definition (and also is implicitly 
understood in the other definitions) for multi-portfolio time consistency, the choice of eligible 
assets would impact whether a risk measure is multi-portfolio time consistent. Therefore, it is 
possible that under one choice of eligible portfolios the risk measure is recursive, but under 
another choice of eligible portfolios that same risk measure is not recursive. 

Example 3.5 [Example 12.101 continued]: For the worst case risk measure, the acceptance sets 
are given by At = L^(J-t)+ for all times t, therefore At = A tt ^ + At+i for all times and any 
choice of eligible set Mt+\. Thus, if Mt C Mt+i for all times then the worst case risk measure is 
recursive and multi-portfolio time consistent. 
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The follow ing; lemma is used in the pr oof of theorem 13.41 It is the set-valued genera lization of 



lemma 4.3 in Follmer and Penner ( 20061 ) or lemma 11.14 in Follmer and Schied ( 2011 ) and gives 



a relationship between the sum of conditional acceptance sets and properties of the corresponding 
risk measure. 

Lemma 3.6: Let (Rt)J =0 be a dynamic risk measure. Lets,t > such thatt,t+s G {0, 1, T} 
and let X G L^(T T ) and D C L%F T ). It holds 

(i) X G A t+S + DH M t+S & -R t+s {X) n D + 0; 

(ii) a) R t (X) C [J ZeRt+s{x) Rt(-Z) A t C A t+S + A^l; 

b) If additionally M t C M t+S then A t C A t+s +A^+' s => R t (X) C Uze/? t+s (X) #t(-^)/ 
fm; a; i? t (X) 5 U^ +S (x) ^("^) => ^ 2 A t+fl + A%£; 

b) If additionally M t C Aft +S t/ien A t 5 A t+S +A%+; => fl t (X) D Uze/? t+s (x) ^("^)- 

Proof: 

(i) (=>) Given that X G A t+S + J5n M t+S then X = Xi+s + X D such that X 4+s G A t+S and 

I°GDn A/ t+s . Therefore it can be seen that R t+s {X) = R t+S {X t+S + X D ), and 
by X D G M t+S and the M t+s -translative property, -X D G i?t +s (X t+S ) - X D = 
R t+s (X). Then X D G and by assumption X D £ D n M t+S . 

(<=) Given that there exists a F G — iit+ s (X) such that V G D n M( +s and trivially 
X = X _ Y + F, then i? t+s (X — F) = R t+s {X) + Y 3 since -F G # t+s (X). 
Therefore I-7G A t+S and X G A 4+s + D n M t+a . 

(ii) a) Let X £ A t then G Rt(X) C Uzei? t+s (X) Rt(—Z). This implies that there exists 

as F G -i? 4+s (X) such that G #t(F), and thus Y G Therefore X G 



A t+S + by condition [(T) 



b) Let X G L p d (T T ) and F G R t {X) then X + F G A t C A t+S +A^*. By condition^ 



there exists a Z G — i?i +s (X + F) such that Z G A tt *?*. But then there exists a Z G 
Rt+ s (X) such that Z = — [Z — F) using translative property of Rt+ S and because 
M t C Mt +S . Since Z G A^+J it holds G i? t (Z) = R t {{-Z + F)) = R t (-Z) - Y. 
Therefore F G i?t (— Z). Thus for all F G Rt{X) there exists a Z G i?t+ s (X) such 
that F G Rt(—Z). This can be rewritten as Rt(X) C (Jze,R t+3 (x) Rt(—Z). 

(iii) a) Let X G A t+S + A^ s 8 , then there exists a F G -R t+s {X) such that F G A^ s s 



by condition (i) Therefore, Rt(X) 2 Uzei?+ (x)^t(~Z) 2 -Rt(F) 9 and thus 
XeA t . 

b) Let X G LjjCFr), any Z G R t+s {X), and any F G Rt(-Z), then F + X = F - 
Z + Z + X. In particular, X + Z G At +S since Z G i?t+ s (X) if and only if G 
R t+s {X) - Z = «i +s (X + Z), and F - Z G A^ since F G i?t(-Z) if and only 
if G Rt(-Z) - F = # t (F - Z) and F - Z G M i+S by F G M t and -Z G M t+S 
with Mt + Af t+S C M t+S (by Af t C M t+S ). Therefore, F + X G A t+S + A^+s Q A- 
This implies G R t (Y + X) = i? t (X) - F. Therefore F G i^(X) and for every Z G 
i?t +s (X) it follows that R t (-Z) C i? t (X). Therefore Uz 6 « t+S (x) £ ^PO- 

□ 

Remark 4 : As can be seen from lemma 13.61 the normalization property is not used for the 
equivalences between properties (iii) and (iv) in theorem 13.41 under assumption Mt C Mt+i for 
all t. Furthermore, if a dynamic risk measure (Rt) t= Q that is not normalized follows the recursive 
form defined in equation Q, then (Rt)J = o is multi-portfolio time consistent (but not necessarily 
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vice versaj. 

Now that we have given the main result on multi-portfolio time consistency in this paper, 
we are interested in how multi-portfolio time consistency and time consistency relate to each 
other. First, we show that the two properties are not equivalent in general (see example 13. 7|) . 
Second, we give sufficient conditions for these properties to coincide in lemma 13.81 Remark [5] 
demonstrates that these sufficient conditions are always satisfied in the scalar framework. 

Example 3.7: Consider a one-period model with t G {0,T}. Let A$ = 
{X G L P d (T T ) : Xi G LP(T T ) + } and A T = {X e L P (T T ) : X x G LP(T T )++}. Let M t = 
{X G L p (T t ) : Vj G {2, 3, d} : Xj = 0} for t G {0, T}. Clearly, A and A T satisfy the proper- 
ties of a normalized acceptance set (definition 12.91 and proposition 12.111 (ii) for C = At D Mt, 
t G {0, T}) and denote the corresponding dynamic risk measure Rt(X) := {u G M t : X + u G At} 
for t G {0,T}. Then, it holds A 2 A T + A^ = A T since Affjf, = {X G Mr : Xl > 0}. Thus, 

the risk measure (Rt)t = Q is not multi-portfolio time consistent by theorem 13.41 However, (Rt)J = Q 
is time consistent since Rt(X) C Rt(Y) if and only if Y\ — X\ G L p (J : t)+- This implies 
i?oPO = # ([Xi,0, ...,0]) C i2o([Yi,0, ...,0]) = i2o(^) by monotonicity and the definition of 
A . 

As we have shown with this example, the recursive form and time consistency are not equivalent 
in general. We now consider sufficient conditions for the two properties to be equivalent. 

Lemma 3.8: Let (Rt)J =0 be a normalized time consistent dynamic risk measure such that 
for all times t G {0, 1, ...,T — 1} and every X G L^(J-y) there exists a Z G Rt+i(X) such that 
Rt+i(—Z) ^ R t +i(X) (or, equivalently Rt+i(X) = Z+R t+ i(0)). Then, (Rt)J =0 is multi-portfolio 
time consistent. 

Proof: Let X G L P d {F T ), t G {0,1,..., T - 1} and Z G R t +i(X) arbitrarily chosen. Then, 
Mt+i-translativity and normalization of Rt+i imply Rt + \{ — Z) = Rt+i(0) + Z C R t +i(X), 
hence R±{—Z) C Rt(X) by time consistency. Thus, \JzeR t+1 (x) R-t(-Z) C R t (X). On the other 
hand, by assumption there exists a Z G Rt+i(X) such that R± + \{—Z) 3 i?t+i(X). Hence, 
Rt(-Z) 2 i?t(X) by time consistency and Uzei?. t+1 (x) R t(~Z) 2 Rt(X). □ 

Remark 5 : For a scalar normalized time consistent dynamic risk measure (pt)J =0 with pt : 
L p (J-"r) ^> LP(J-t), the corresponding set- valued dynamic risk measure 

« )t=o defined on LP(^ T ) 

is given by R P (X) = pt(X) + L p (J-t)+ and thus automatically satisfies the assumptions of lemma 
13.81 This shows that in the scalar case time consistency is equivalent to multi-portfolio time 
consistency. 

Now we will take a more in depth lo ok at market - compatibili ty for dynamic risk measures. 
For static risk measures as discussed in lHamel et al\ ( 201ll . 2012 ). the right concept of market- 
compatibility is given by Aq = ^4o+St=o Ld(Ft',Kt)- This might look different from the definition 
of market-compatibility for dynamic risk measures in the present paper, but it turns out that 
for multi-portfolio time consistent risk measures both notions coincides, which justified the use 
of the same name. 

Lemma 3.9: Let (Rt) t=0 be a normalized multi-portfolio time consistent dynamic risk measure 
with Mt C Mt+i for every time t G {0, 1, ...,T — 1}. Then, (Rf)J =0 is market- compatible if and 
only if At = At + Y^r=t Kr Ir a ^ eac h time t. 

Proof: If (Rt)J =0 is market-compatible then by proposition 12.111 and since G K^ 1 * it holds 
A t = A t + Kf h for every t. By multi-portfolio time consistency At = A t ^\ + -At+i> therefore, 
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At = A^t\ + At+i + K^. Doing this argument for each time t + 1 through T — 1 and using 

A T = A T + K*f T , it follows that A t = Zr=t <t+! + a t + Er=t K r U = M + Er=t ^ for 
any time i. 

For the reverse implication let us assume A t = A t + Y,r=t K t It for each t. Fix some time 
i < T. It follows that 



At = At + £ = + A t+1 + + £ ^ 



T=t T=t+1 

+ i+A t+1 +K? 



Afi^+At +1 + K^=At + K^ 



And trivially at time T this implies that At = At + K^ T . Therefore (Rt)J =0 is market- 
compatible. □ 

Remark 6: Lemma 13,91 can be generalized in the following way. For t G {0, 1,...,T} let 
A t ,C t ,A C L p d (F T ) with A t = A t+ i + A for all t G {0, 1,...,T - 1}. Then the following 
three statements are equivalent. 

(i) A t = A t + Ct for all times t G {0, 1, T}, 

(ii) A t = A t + C s for all times i,s£ {0, 1, T} with s > t, 
(hi) A t = ^ + CV for all times £ G {0, 1, T}. 



3.2. Composition of one-step risk measures 

Since multi-portfolio time consistency is a restrictive property for risk measures (in the scalar 
framework both value at risk and average value at risk are not time consistent, and in section [521 
we show that the set- valued average value at risk is not multi-portfolio time consistent either), we 
would like to have a way to construct multi-portfo lio time consisten t versions of any risk measure . 
As in section 2.1 in lCheridito and Kupper ( 201ll ) and section 4 in Cheridito and Stadid tod ). 



a (multi-portfolio) time consistent version of any scalar dynamic risk measure can be created 
through backwards recursion. The same is true for set-valued risk measures as discussed in the 
following proposition. 

Proposition 3.10: Let (Rt)J = Q be a dynamic risk measure on LPAJ-t) and let Mt C Mt+i for 
every time t G {0, 1, ...,T — 1}, then (R t )J =0 defined for all X G L^(Tt) by 

R T (X) = R T (X), (5) 

ViG{0,l,...,T-l}: R\{X)= [j R t (-Z) (6) 

zeRt+i(X) 



is multi-portfolio time consistent. Furthermore, (Rt)J =0 satisfies properties (i) and (ii) in defi- 
nition [2^M of dynamic risk measures, but may fail to be finite at zero. Additionally, if (Rt)J =0 is 
(conditionally) convex (coherent) then (Rt)f =0 is (conditionally) convex (coherent). 

Proof: Let t G {0, 1, ...,T - 1} and i,BC L p d (F T ) such that \J XeA R t+ i(X) C \J YeB R t+1 (Y), 
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then 



[J R t (X) = |J (J ifc(-Z) = (J R t (-Z) 

x&A xeA ZeRt+l{x) ze[j xeA R t+1 (X) 

c |J ^(-z) = |J 



Thus, (Rt)t =0 is multi-portfolio time consistent. The assumption Mt C Mj+i ensures i?j to be 
Mt-translative for all t. L^(J r j')_)_-monotonicity follows from the corresponding property for Rt. 

If {Rt)t=o i s (conditionally) convex (positive homogeneous) then by backwards induction 
(Rt)f=o is (conditionally) convex (positive homogeneous) . □ 

(Rt)J =0 defined as in equations ©, (|SJ) is multi-portfolio time consistent, but not necessarily 
normalized or finite at zero. If (Rt)f =0 is normalized, then (Rt)f =0 is recursive itself, see also 
remark 31 Thus, we are interested to find conditions under which (Rt)J =0 is normalized, or finite 
at zero. 

Proposition 3.11: Let (Rt)J =0 and {Mt)J =0 be as in proposition [3AU and let (Rt)f =0 be defined 
as in ([5]) , (|6|). Then, (Rt)f =0 is normalized and finite at zero if (Rt)J_ is normalized and either 
of the following are true: 

(i) -Rf(O) = (Mt)+ for every time t, or 

(ii) (Rt)t=o * s a dosed and time consistent risk measure. 

If {Rt)J = Q is a normalized closed coherent risk measure then (Rt)J_ is normalized, coherent and 
for t G {0, 1, . . . , T} either finite at zero or Rt(X) G {0, Mt} for every X G L%(jFt)- 

Proof: If Rt is normalized then it immediately follows that Rt is normalized as well, indeed 
-Rt(O) = Rt(0). Thus, using backwards induction, we want to show that Rt{X) = Rt(X) + Rt(0). 

(i) Let R t+ i(0) = R t+1 (0) = (M m ) + . Therefore Z G R t+ i(0) implies R t {-Z) C R t {0) by 
L^(J r ']r) + -monotonicity Therefore 

Rt(0) = |J Rt(-Z) = Rt(0) = (M t )+. 

Trivially it then holds that R t (X) = R t (X) + R t (0). 

(ii) Let i?t+i(0) = Rt+i(0). By lemma 13.121 below Rt is -Rf+i(0)-monotone. Therefore it 
immediately follows that R t (-Z) C R t (0) for every Z G R t +i(0) (with G R t+ i(0) by 

closed and normalized), and 

R t (0) = |J i? t (-Z) = i^(0). 

ze/? t+ i(o) 

#t is normalized since #t(X) + R t (0) = \J Z eR t+1 (X)i R t(~ Z ) + Rt{0)} = 
UzeR t +i(X) R t(~ z ) = Rt{X) by R t normalized. 

If (Rt)J—Q is a normalized closed coherent risk measure then (Rt)f =0 is coherent by propo- 
sition 13.101 and thus Rt{X) D Rt(X) + Rt(0) by subadditivity. To show the other direc- 
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tion assume that G i?t+i(0) (by G -Rr(O) and backwards induction). It follows that 
-Rf(O) = Uze-Rt i(0) -^*( — — -^t(O) ^ since G -Rj(O) by closed and normalized. This implies 
Rt(X) + Rt(0) 5 Rt(X). Therefore i?i is a normalized risk measure and Rt(0) ^ 0. However, it 
still may be the case that Rt(0) = M t . By normalization if Rt(0) = M t then Rt(X) G {0,M t } 
for any X G LP^Tt)- □ 



Property (ii) in proposition 13.111 above shows that in the set-valued framework, even though 
time-consistency is not equivalent to multi-portfolio time consistency, it can be a useful property 
for the creation of multi-portfolio time consistent risk measures. 

Lemma 3.12: If (Rt)J =0 is a time consistent risk measure and R T is normalized for some 
time t, then Rt is R T (0) -monotone for any time t < r. 

Proof: Let X,Y G L%T T ) such that Y — X £ R T (0), then R T (Y) = R T (Y - X + X) = 
R T (X) - (Y - X) = R T (X) + R T (0) - (Y - X) D R T (X) by Y - X G M T , R T normalized, and 
G R T (0) - (Y - X). Then by time consistency, R T (Y) 2 R T {X) implies R t (Y) D R t (X) for 
any t < r, and therefore Rt is 72 T (0)-monotone. □ 

The following corollary provides a possibility to construct multi-portfolio time consistent risk 
measures by backward composition using the (one step) acceptance sets of any dynamic risk 
measure. 

Corollary 3.13: Let (Rt) t=0 be a dynamic risk measure on IR(J-t) and (At)J =0 its dynamic 
acceptance sets. Let Mt C Mt+\ for every time t G {0, 1,...,T — 1}. Then, the following are 
equivalent: 

(i) (Rt)J =0 is defined as in ([5]) and ([6]); 

(ii) At = At and A t = A t +i + A^t\ for each time t G {0, 1, T — 1}, where A s is the 
acceptance set of R s for all s. 

Proof: The proof is analogous to the proof of lemma 13.61 where R and A is replaced by R and 
A at the appropriate places. □ 



4. Dual representation 

In section[2l we discussed the primal representation for conditional risk measures. In this section, 
we will de v elop a dual representation by a direct application of the set-valued duality developed 
bv lHamell {553). This representation provides a probability based representation for finding 



the set of risk compensating portfolios. In particular, we will demonstrate that, as in the scalar 
framework, closed convex and coherent risk measures have a representation as the supremum of 
penalized conditional expectations. 

There are multiple a pproaches that h ave been used to ob tain duality results for scalar dy- 
namic risk measures. In IPelbaenl ( 20061 ). lArtzner et al. ( 20071 ) a dual representation is given as 



the logical extension of the static case and shown to have the desir ed properties without di- 
rectly involving a duality theory for the conditional risk measure. In Ruszczynski and Shapirol 



(l2006h an omega-wise approach is used, as it reduces to an omega-wise application of biconju- 



gation o f (extended) real-valu e d fun cti ons. A popular approac h , used i nlDetlefsen and Scandolol 
(l2005h. lF511mer and Pennerl (l200(tl. ICheridito and Kupperi (|201lh . ICheridito et all 



Kloppel and Schweizerl (|2"o07h . iBion-Nadall (|2009l )7 proves the dual representation for dynamic 



risk measures through a mathematical trick using the static dual representation. Another ap- 
proach is given by a direct application of vector-valued duality to the conditional risk measure 
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as in Kovacevic and Pflud (knOflh . lKovacevid (|2012l ) and the first part of lFilipovic et a,l\ (l201ll ). 
But this approach needs additional strong as s umpti o ns (non-emptines s of the subdifferential), 
and as in the setting of Kovacevic and Pflug ( 20091 ). iKovacevic ( 20121 ). does not allow for lo- 
cal properties. A further po ssibility is to use the module approach i ntroduced and applied in 
Filipovic et all ifcOOflL 1201 ll ). For set- valued dynamic risk measures, iBen Tahar and Lepinettd 
(I2012T ) defines the dual form by the intersection of supporting hyperplanes, but it is not shown 
how this is related to the traditional scalar dual representation with conditional expect ations. 
In the present paper, we will apply a new approach, the set- valued approach based on iHamel 
( 20091 ) . which has not been applied to dynamic risk measures so far (but could also be used in the 
scalar case). This is the most intuitive approach for us as the risk measures under consideration 
are by nature set- valued functions. 

In the s calar framework, most o f the p a pers consider conditionally c onvex dynamic r i sk me a- 
su res (see Detlefsen and Scandold (12005 Follmer and Penner (|2006l ). ICheridito et~al\ l|2006l )). 
In Kloppel and Schweizerl ( 20071 ) . iBion-Nadal (2004, 2009) the dual repres entation is deduced 
for convex and local dynamic risk measures, and in ICheridito et al. I (120061 ) it was shown that 
any risk measure on L°° satisfies the local property. Using the set valued approach we are able 
to provide a dual representation for any convex dynamic risk measure for any p£ [1, +oo], and 
thus extend, byproduct, also the scalar case. 

Since we will be considering conjugate duality, we will need to assume from now on that 
p € [1, +oo] and q is such that | + | = 1. That means we consider the dual pair {JJ^JFt), ^(Tt)) 
and endow it with the norm topology, respectively the a (L2°(J 7 t), L^(J r x))-topology on L^{Ft) 
in the case p = +oo. As before let the set of eligible portfolios M t be a closed subspace of L j^T't) 
for all times t. 

M t n L p d (T t \K t ) C L p d {T t ). For all t € {0,1,..., T}, we will denote the 
by and (.K", Mt ) + respec tively. We should note that 



Recall that K i 



Mi 



positive dual cones of K t and K t 



(L P d (T t ; K t )) + = L q d (T t ;K+), see section 6.3 in IHamel et all (120111 ). It holds 



{K M t) - 



€ L q d {T t ) : 6 Kf h : E [v T u] > o} 



+ Mt) Cite 



where = {v € L q d (F t ) : Mu £ M t : E [v T u] = 0}. Denote 

{(M t ) + ) + = {ve L q d (F t ) : Vn G (M t ) + : E [v T u] > 0} . 



Recall from remark [T] that Rt(X) = Rt{X) + (Mt) + by translativity and monotonicity 
and that a closed convex conditional risk measure Rt maps into the set G{Mt, (Mt)+) = 
{£) C M t : D = clco (D + (M t ) + )}. Let us denote the positive halfspace with respect to v € 
L q d {T t ) by 

G t {v) = {xeL%Tt) :0<E[v T x]}. 



4-1. Set-valued duality 

Before we begin describing the dual representation for dynamic risk measures we w ill give a 
quick introduction and review to set-valued duality results developed by lHamell (120091 ). For the 
duration of this subsection we will consider the topological dual pairs (X, X*) and (Z, Z*) with 
the (partial) ordering on Z defined by the cone C Q Z. Let us consider the set-valued function 

f-.x^g(z-c). 
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Set-valued duality uses two dual variables, which we will denote x* S X* and z* € C + = 
{z* G Z* : Vz G C : (z*,z) > 0}. The first dual variable, x* behaves the same as the dual element 
in the scalar case. The second dual variable, z* , reflects the order relation in the image space as 
it is an element in the positive dual cone of the ordering cone. 

Using these dual variables one can define a class of set-valued functions that will serve as a 
(set-valued) replacement for continuous linear functions used in the scalar duality theory, and 
continuous linear operators used in vector-valued theories, as follows. Let 2 Z denote the power 
set of Z, including the empty set. 



Definition 4.1: Hamel ( 20091 ) example 2 and proposition 6] Given x* £ X* and z* G Z*, the 
function F? „, : X — > 1 Z is defined for any x £ X by 

\x ,z ) 

Fg v . } (s) := {z£Z:(x*,x)<(z*,z)}. 

Before we can define th e convex conju gate, we must define the set- valued infimum and supre- 
mum. As in lHamell ifcood ). lL5hnel toill ). the set-valued infimum and supremum on Q[Z\ C) are 
given by 



inf f(x) := clco (J f{x); 



supf(x) := P| /0 



x£A 



x£A 



for any A C X and / : X — > G(Z; C). In this way we can then define the (negative) set- valued 
convex conjugate as 



inf 

xex 



-f*(x*,z* 
and the set-valued biconjugate as 



clco U [^.^(-aO + A*) 

x£X 



(7) 



f**(x) = sup 

(x*,2*)gX*xC*+\{0} 

= n 

(x*,2*)gX*xC*+\{0} 



-r(x*,z*) + F z ,^(x) 

-r(x*,z*)+jg.^ ) (x) 



(8) 



From this form it is clear to see how the set-valued functions F, z , „n replace the linear functionals 
in convex analysis in the scalar framework. 

Remark 7 : If / : X — > Q{Z; C) is convex then the (negative) conjugate is equivalent to 



-/*(**,*•) = d|J [^. 1 ..)(- a + rt a 



Finally, the Fenchel-Moreau theorem for set-valued functions reads as follows. 
Theorem 4.2 : [Theorem 2 in Hamel (200 A) ] A proper function f : X — > Q(Z; C) (i.e. f(x) ^ 



Z for every x € X and f(x) ^ for some x € X) is closed and convex if and only if f(x) = f**{x) 
for every x € X. 
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4-2. Dual variables 

Turning now back to risk measures, we will construct the bi conjugate for closed convex and 
coherent risk measures. As noted in Fact 3 of section 6.3 in Hamel et al\ ( 201ll ). any closed 



convex risk measure is a proper function by finiteness at zero. Therefore by theorem 14. 2\ any 
closed convex or coherent risk measure is equivalent to its biconjugate, which we refer to as the 
dual representation. 

The set-valued duality, given in subsection 14.14 greatly reduces the work for finding the dual 
representation for dynamic risk measures as compared to the scalar framework. This is because 
the set- valued duality theory works with the same type of image space that (dynamic) set- valued 

risk measures map into (see remark [TJ, and not necessa rily just the extended rea ls. 

In contrast to the static risk measure case discussed in Hamel and Hevdd (l2O10MHameT et al 



we need to consider functions map ping into the power set of L d (Ft) and thus will gen 



eralize definition 3.1 and proposition 3.2 in Hamel et all ( 20 111 ) to this more general case 



Then, the set- valued functionals of definition 14. II (and as discussed in subsection !4.ip are given 
as follows 



Definition 4.3: Given Y G L q d (T T ), v G L q d (T t ), then the function F™\ : L%F T ) -> 2 M * 



defined by 



is 



F(Yv) I*] = {ueM t :E [X T Y] < E [v T u] } 



In the following proposition we consider the relation between properties of these functionals 
and conditions on the sets of dual variables. 

Proposition 4.4: Let R t (X) = [-X] for some Y € L q d (F T ), v € L q d {F t ), then R t : 

(i) is additive and positive homogeneous with F(Yv) M = Gt(v) n M t = 

{x G Af t : < E [v T x]}, 

(ii) has a closed graph, and hence closed values, namely closed half spaces, 

(Hi) is finite at if and only if it is finite everywhere if and only ifv£ L d (J-t)\M^, moreover 
Rt{X) G {M t , 0} for all X G L P d {T T ) if and only if v G Mjf , 

(iv) satisfies R t (X) = R t (X) + (Af t ) + for all X G L v d (T T ) if and only if v G ((M t ) + )+, 

(v) is L P d (J : T)+ -monotone if and only ifY& L q d {J : T) + , 
(vi) is Mf-translative if and only if v G E [Y\ J-t] + Af^, 
(viz) is Kt-compatible if and only if v G {Kf Il ) + , and 
(viii) has the corresponding acceptance set given by 

A Rt = {Xe L p d (F T ) : < E [Y T X] } . 



Proof: This is an adaption o f proposition 3.2 in IHamel et al. f|201lh by using example 2 and 



proposition 6 in IHamell (|2009l ) with the linear space Z chosen to be iPJTt)- □ 



Remark 8 : Just as translativity and monotonicity imply that Rt(-) = Rt(-) + (Afj) + , it can 
be seen that ((A/ t ) + )+ D E [Y\ T t ] + Mjf if Y G L%Fr)+. 

Remark 9 : The functions X ^ F^ v) [X] , F%\ [-X] map into the collection Q{M t ; (M t ) + ) 
if and only if v G ((Af t ) + ) + . By remark [SJ the image space is Q{M t ; (M t ) + ) and the functions 
are finite at if the dual variables (Y, v) G L q d {JF T )+ X [(E [Y\ JF t ] + Af^) \M^) . 

Remark 10 : The functions X ^ F^.* [X] , F¥\ [-X] map into the collection Q{M t ; K^) 
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if and only if v G (K^) + . This can be concluded because of incompatibility. 

Using set-valued biconjugation as discussed in section I4TT1 it is possible to give a dual represen- 
tation for closed convex risk measures already. However, with the dual representation for scalar 
dynamic risk measures in mind, we would expect the conditional expectations to appear in the 
dual representation (i.e. also in definition I4.3|) for set- valued dynamic risk measures. We accom- 
plish this by transforming the classical dual variables (Y, v), appearing above, into dual pairs 
involving vector probability measures Q G A4d(P). We denote by A^rf(P) := .Md(P) (J), .Ft) the 
set of all vector probability measures with components being absolutely continuous with respect 
to P. That is, Qj : Ft — > [0,1] is a probability measure on (f2, Ft) such that for all i G {1, 2, d} 
we have ^Sr G L 1 (Ft). Using this transformation, defined below in lemma 1431 we demonstrate a 
clear comp arison to the dual represent a tion of conditional ri s k mea sures in the scalar framework, 
as given in 



ixison to tne dual represent a tion oi conditional ri s K mea sures in tne s< 
Acciaio and Pennerl (|201lh . iFbllmer and Schiedl (j201lh for example. 



For notational purposes, for the rest of the paper we will denote diag (w) to be the diagonal 
matrix with the elements of a vector w as the main diagonal. 

We will use a P- almost sure ve rsion of the Q-conditional expectation defined as follows, see 
e.g. ICheridito and Kupperl (|201lh . Let the sets of one-step transition densities be given by 



for any t = 1,...,T. Then for any Qj <C 
such that ^ = £\ ■ ■ ■ £ T by defining 



V t := {eGL 1 (F i )+ :E[£|F t _i] = l} 

there exists a sequence G T>\ x • • • x T>t 



if E 
else 



F, 



t-i 



(w) > 



for any cj G and any t = 1, ...,T. Conversely, if given a sequence (£i,---,£t) ^ x ' " " x ^ T 
then there exists a Q; « P such that ^ = £i • • • £ T - 

Hereafter we will use the convention that for any Q G .Md(P) and any t,T G {0, 1, ...,T — 1} 
such that t < t 





~dQ 






~dQ 






_ d¥ 


T 


\ E 


_ dP 





:= diag (£ m ) • • • diag (£ r -l) £r 



where £ s = (£s , £s) T f° r an Y ti me s with ^ = £| - 
the conditional expectation E*® [X \ Tt] is defined P-almost surely as 



3 



In this 

E<*[X|Fi] 



diag ( E 



F, 



E 



diag 



X 



Tt 



way 



In lemma 14.51 below, a one-to-one correspondence between the dual variables (Y, t> ) from set- 
valued duality theory and dual variables based on probability measures (Q, w) is established. 
Then with the probability measure based dual variables, we see that the values of the set-valued 
functionals FVq' % are half spaces shifted by the Q-conditional expectation. 



Lemma 4.5: 



(i) Let Y G L q d {F T )+ and v G (E [Y\ T t ] + M t x ) \M t 



-X] of 

definition \4-3\ to be Mftranslative, L^(Fr)+ -monotone and to be finite at 0. Then there 



thus we assume X i— > Fff/ , \ 

(Y,v) i 
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exists flQe Md(P) and awe ((M t ) + ) + \M^- such that 
diag (w) diag E 



dP 



-i 



and F# . = F^f* w/iere 



^) W = i u G M < : E h TEQ I^l -^l] ^ E i wTu ] I = ( eQ i x \ + G t (w)) nM t . (9) 

(m,) Vice versa, let Q G A^^(P) and u> G ((Mt) + ) + \M^ suc/i f/iai t/ie relationship 

diag (u>) diag E 



dP 



F, 



holds. Then there exists a Y G L q d {J r x)+ and v G (E [Y~| Ft] + Mf 1- ) \M^~ such that 
pM, _ f.M t 

^(y^) - (q,uj)' 

Proo/; (i) Let w = E[Y\ T t \ then w G L q d (T t ) + . Then since u G (E [Y\ T t ] + Mf) \Mf we 
have u 6 to + Mf- or equivalently id £ »| Mf- . Additionally we have, by remark [81 that 
v G ((M t ) + ) + , therefore w G ((M t ) + ) + + Mf- . And because v <£ Mf- we have w £ Mf-, therefore 
w G ((M t ) + ) + \Mf- + Mf-. It can easily be seen that the set ((M t ) + ) + \Mf- + Mf- is equal to 
((M t ),)+\M^. 



Let ^ 



Then V = diag (w) diag ^E 

^ v ^ = ^' ^ by 
(y,u) (Q,w) J 



if E [Yj] > and arbitrarily in L^(Fr)+ such that E 



1 if E %] = 0. 



G L^(Fr)+- From the above, we can conclude that 



E [X T Y] = E 



X T diag (w) diag E 



~dQ 








T 




_ dF 


J dF 



E [w T E Q [X\T t ]] 



and E [u T n] = E [w T n] for u G Mt since io G « + Mf- . 



(ii) Let Y = diag (w) diag (^E 
E[Y\T t ]=E 



-S G L^,(Fr)+ then trivially we have 





"dQ 




V 1 




diag (w) diag ^E 


_ dP 


Ft 


y dp 


T 



w 



and E[A T Y] 



E 



X T diag (u>) diag ( E 



T 



From the assumption and 



((M t ) + )+\Mf- = ((M t ) + )+\M/+M t J - it holds w G ((M t ) + )++M^. Thus, w = w {{Mt)+)+ +w M ± 
where ^((M t ) + )+ e ((-^)+) + an d w m£- ^ -^F- I n particular, ^((M t ) + )+ = w — w M ± G 
E[Y|F<] + Mf- C F^(Ft). Set u = ^((M t ) + )+- Furthermore, wj G" implies u ^ M^. Thus 
v G (E [Y| Ft] + M^) VM^. We have E [w T u] = E [v T u] for every u G M t since ti)e»| M^. □ 
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4-3. Convex and coherent risk measures 

Utilizing set-valued duality, proposed in lHamell l|2009l ). and the transformation of the dual vari- 
ables as described by lemma l4~5l we can now give the dual representation for set-valued closed 
convex and coherent dynamic risk measures. As we demonstrated in section [4~2| the set of dual 
variables can be defined by 



W q t = {(Q,w) € M d (P) x (((M 4 ) + ) + \M, ± ) : diag (id) diag (e 



d¥ 



In this way we have two dual variables, the first is a (vector) probability measure and the second 
contains the ordering of the eligible portfolios. The additional coupling condition of a pair of 
dual variables (Q,w) guarantees the Q-conditional expectation of a (P-a.s.) greater portfolio is 
dominant in the ordering defined by w as well. 

Definition 4.6: A function —at : —> G{M t ; (Mt)+) is a penalty function at time t if it 
satisfies 

(i) ^(Qw)eW ~ ott(Q,w) 7^ and —at(Q,w) / Mt for at least one (Q,w) <E W t 9 and 

(ii) -at(Q,w) = cl(-a t (q,w) + G t {w)) n M t for all (Q,w) € Wf. 



Then, the duality theorem 4.2 from IHamel et al. extends to the dynamic case in the 

following way. 

Theorem 4.7: A function R t : L^(Jt) G(M t ; (M t )+) is a closed convex conditional 

risk measure if and only if there is a penalty function —at at time t such that 



R t (X)= P| [-a t {Q,w) + (E®[-X\T t ] + G t (w))nM t 



(10) 



i,w)ew t ' 



In particular, for Rt with the aforementioned properties, equation (I10p is satisfied with the min- 
imal penalty function — a™ 111 defined by 



ar\Q,w) 



cl |J (W®[Z\T t } + G t {w)) HM t . 

Z&A Rt 



(11) 



The penalty function — a™ m has the property that for any penalty function —at satisfying equa- 



tion pop it holds that —at(Q,w) D —a 



,w) for all (Q,w) 6 W t 9 . 



Proof: This follows from theorem 2 in lHamell (1200^ by applying lemma 3.6 and remark 3.7 in 
a similar way as it was done in theorem 4.2 in IHamel et al\ the proof of which is given 

in section 6.3 of that same paper. □ 

Corollary 4.8: A function R t : L^(J"t) — > G(M t ;(Mt)+) is a closed coherent conditional 

risk measure if and only if there is a nonempty set C such that 



Rt(X)= p| (E®[-X\T t ]+G t (w)) r\M t 



(12) 



<,w)ew? 
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In particular, equation (|12p is satisfied with W'^ t replaced by W^^ ax with 



, w) G : diag (w) diag ( E 



(13) 



and if W^ Rt satisfies equation (|12|) i/ten i/ie inclusion C W^^ ax holds. 

Proo f: This coroll a ry fol lows from theorem 3.11 and an adaption of equation (6.4) in proposition 
6.7 in Hamel et al. ( 20 111 ) to the dynamic case. □ 



Let us turn to the special case of conditional convexity and coherence, which is the usual prop- 
erty imposed on dynamic risk measures in the scalar case. The corresponding duality theorem 
in the set-valued case is given in corollary 14.91 below. It will turn our that the penalty functions 
will have the following additional property in this case. 

Consider a penalty function — at '■ W 9 — > G(M t ; {M t ) + ) at time t such that for any (Q, w) G 
and any A G L°°(J r i ) s.t. < A < 1 it holds 



a t (Q, w) 2 A(-at(Q, Xw)) + (1 - A)(-ot(Q, (1 - X)w)). 



(14) 



Corollary 4.9: A function R t : IFAFt) — > Q(M t ; (M t ) + ) is a closed conditionally convex 



conditional risk measure if and only if there is a penalty function —at at time t satisfying (Q2 
such that equation (|10p holds true. In particular, for Rt with the aforementioned properties, the 
minimal penalty function — cef 11 ", defined in equation (fTTj) . satisfies (fl4"|) . 

Further, a function R t : L%F T ) -> G(M t ; (M t )+) is a closed conditionally coherent con- 



ditional risk measure if and only if there is a nonempty set C conditionally conical 

in the second variable, i.e. for any (Q, w) G and A G L 00 (J r t)++ i/ien (Q, Aio) G W'd , 

suc/i £/ia£ equation (|12p is satisfied. In particular, for Rt with the aforementioned properties, the 
maximal dual set W^^ ax , defined in equation (|13p . satisfies this additional condition. 

Proof: Using theorem 14.71 only two things remain to show: First, if —at is a penalty function 
satisfying (I14p . then the risk measure defined by (I10p is conditionally convex. Second, the minimal 
penalty function — a™ m of a conditionally convex risk measure satisfies (|14p . 
First, if —at is a penalty function satisfying (fl4l) . then for any A G L°°{JFt) s.t. < A < 1 



Ht(AX + (1 - X)Y) = p| [-a t (Q,w) + (E Q [-(AX + (1 - A)F)| 7^] + G t H) n M t ] 

(Q,«i)ew t ' 

= f| [-« t (Q,u;) + (AE Q [-X|J- f ] + (l-A)E Q [-y|7- t ]+G i (u;))nM t ; 

2 f| [-a t (Q, W ) + (AE Q [-X|J- f ] + G i M)nM t 

(Q,™)ew t * 

+ ((1 - A)E Q [-y| F t ] + G t («;)) n M t ] 
= f| [-a t (Q,u;) + A(E Q [-X|7- t ] + G t (Au;)) nM, 

+(1 - A) (E« [-Y\ T t ] + G t ((1 - AM) n M t ] 
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D p| [A(-a t (Q,A«;)) + (l-A)(-a t (Q,(l-A)«;)) 

(Q,w)eW t 9 

+X (E Q [-X\ Ft] + G t (Xw)) n M t + (1 - A) (E®[-Y\ F t ] + G t ((1 - \)w)) n M t ] 

D f| [A(-a t (Q,A^)) + A(E Q [-X| F t ] + G t {Xw)) n M t ] 

(Q,w)eW t 9 

+ p| [(l-A)(-a i (Q,(l-AH) + (l-A)(E«[-y|J- i ] + G t ((l-AH)nM i ] 
= A P [-a t (Q,A«;) + (E Q [-X|J- i ] + G t (A U ;)) n M t ] 

(Q,«i)6W? 

+ (1-A) P [(-a t (Q,(l-A)«j))+ (E«[-y|Ji] + G t ((l-AH) n M t ] 

(Q,»)6W« 

2 Ai? t (X) + (1 - X)R t (Y). 

The last line above follows since if (Q,w) € Wf then (Q, Aw) 6 W t 9 . The conditional convexity 
of iij can be extended to A G L°°(Ft) s.t. < A < 1 by taking a sequence (A n )^ 
such that < A n < 1 for every n G N which converges almost surely to A. Then by dominated 
convergence X n X converges to AA" in the norm topology (a(L°^(Fr), L\{Ft)) topology if p = oo). 
Therefore, for any 1,7 6 L^(Ft) 

R t (XX + (1 - X)Y) = R t ( lim (X n X + (1 - X n )Y)) 

n-+oo 

Dliminfi? t (A n X + (l-A n )F) 

D liminf[A nJ R t (X) + (1 - X rl )R t (Y)} 

n—¥oo 

D A# t (X) + (1 - A)i^(F) 



by i?t closed (see proposition 2.34 in Lohnel ( 2011)) and condi tionally convex on the interval 
< X n < 1. Note that we use the convention from lLohnel ( 2011 ) that the limit inferior of a net 
of sets (Bi) ieI is given by liminf i€ / B { = f| ieJ cl Uj>i s i- 

Conversely, let i?t be a conditionally convex risk measure, then its acceptance set An t is 
conditionally convex as well. Therefore for any (Q, w) £ Wf and any A £ L°°(Ft) s.t. < A < 1 



;)=cl |J (E Q [Z| ^]+G t (w)) HI, 



Del |J 

ZeAA Bt +(l-A)A Bt 



[z|Ji] + G t H) ni, 



= cl |J (E Q [XZ 1 + (l-X)Z 2 \F t } + G t (w)) HM t 

3d (J A(E Q [Z|J- f ] + G i (Aw;)) n M* + cl (J (1 — A) (E Q [Z| T t ] + — A)u>)) n M t 

ZeA Rt zeA Rt 

= A(-af n (Q, Xw)) + (1 - A)(-af n (Q, (1 - AM). 
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Thus by theorem 14.71 there exists a penalty function with property (114h satisfying equation (llOj) . 
The proof for the conditionally coherent case follows analogously. □ 



Example 4.10 [Example 12.101 continued]: As the worst cost risk measure is a closed coherent 
risk measure with acceptance set At = L p d {J r x)+ then the maximal set of dual variables is given 
by 



VV t,Rf° ■- 



, w) € : diag (w) diag E 



If a dynamic risk measure is additionally market-compatible, i.e. trading opportunities are 
taken into account for all t, then the dual representation can be given with respect to V^t k C VVf . 
We will define the set of incompatible dual variables by 



Kk = {(Q.«0 e A4 d (P) x ((K t Ah )+\M t - 



diag (w) diag E 



aV 



-i 



In fact, the dual representation for a market-compatible risk measure requires a simple switch 



in the ordering cone from [Mt) + to K t * (with corresponding image space Q \ Mt;K t t J as 
discussed in remark [T]) . 

Theorem 14.71 applied over the set W+ K of dual variables, together with an adaption of re- 
mark 6.8 in Hamel et al. ( 20 111 ) to the dynamic setting leads to a way to generate market 
compatible dynamic convex risk measure. If given a sequence of convex conditional acceptance 
sets, or more generally of nonempty convex sets At C L AJFt) such that 



A t = cl A t + K 



satisfies definition 12.91 of a conditional acceptance set, then equation (|10p with the penalty 
function —at, such that 

-at(Q,u;) = cl |J (E Q [Z\T t ] + Gt(w))nMt, 

Z&A t 

produces a sequence of closed ^-compatible convex conditional risk measure, thus a market 
compatible dynamic convex risk measure for the market defined by the sequence of solvency 
cones {Kt)J =0 . 



5. Examples 



5.1. Dynamic superhedging 

In this section, we define the dynamic extension of th e set of superhed gi ng portfolios in market s 
with proportional transactio n costs as presented in Kabanov ( 1999 ). Schachermayer ( 20041 ) . 
Kabanov and Safarianl d200flh . lHamel et all (|201lh . iLbhne and Rudlofj (|201lJ)- We further show 
that the set of superhedging portfolios yields a set- valued market-compatible coherent dynamic 
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risk measure that is multi-portfolio time consistent. In Lohne and RudlofI ( 20 111 ) an algorithm 
for calculating the set of superhedging prices is presented. That algorithm relies on a successive 
calculation of superhedging prices backwards in time and leads to a sequence of linear vector 
optimization problems that can be solved by Benson's algorithm. We show that the recursive 
form, which is equivalent to mul ti-portfolio time consisten cy, leads to and simplifies the proof of 
the recursive algorithm given in lLohne and Rudlofli (120111 ) . This result gives a hint that the set- 
valued recursive form of multi-portfolio time consistent risk measures is very useful in practice 
and might lead to a set-valued analog of Bellman's principle. 

Let the random variable Vt '■ Q — > M rf be a portfoli o vecto r at time t such that the values 
of Vt{oo) are in physical units as described in Kabanov ( 19991 ). Schachermaver (|2004T ). That is, 
the i th element of Vt(ui) is the number of asset i in the portfolio in state uj £ J~t at time t. An 
Revalued adapted process (Vt)J =0 is called a self-financing portfolio process for the market given 
by the solvency cones (K t )J =0 if 



Vt = 0,l,...,T:Vt-Vt-i€-K t 

where V-\ = 0. 

Let Ct,T f= L^(J-t) be the set of LPAT't) -valued random vectors Vt '■ — > M. d that are the 
values of a self-financing portfolio process at terminal time T with endowment at time t. From 
this definition it follows that C^t = ST=t ~L d (JP' s ; K s ). 

An Mi -valued adapted process Z = (Zt)J =0 is called a consistent pricing process for the market 
model {K-tfi—n if Z is a martingale under the physical measure P and 

VtG{0,l,...,T}:Z t GK+\{0}. 

The market is said to satisfy the robust no arbitrage property (NA r ) if there exists a market 
process (K t )f =0 satisfying 



K t C K t and K t \ - K t C int K t P-a.s. 
for all t G {0, 1, . . . , T} such that 

C , T nL° d (F T ,R d + ) = {0}, 



(15) 



where Co,t is generated by the self-financing portfolio processes with 



Vi€ {0,1,..., T}: V t -Vt-i€-K t 



-a.s. 



The time t version of theorem 4.1 in ISchachermaver (2004). or theorem 5.2 in lHamel et all 
(|201ll ) reads as follows. 



Theorem 5.1 : Assume that the market process (Kt)J =Q satisfies the robust no arbitrage con- 
dition (NA r ), then the following conditions are equivalent for X 6 LAJFt) and u G L d {J-t): 

(i) X — u € Ct : T, 2.e. there exists a self -financing portfolio process (V^)J =0 with V s = if 
s < t, and V s € L p d (F s ) for each time s > t such that 



u + V T = X. 



(16) 
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(ii) For every consistent pricing process (Zt)J =0 with Zt £ L d (J-t) for each time t, it holds 
that 

E [X T Z T ] < E [u T Z t ] . 



Proof: This is a t rivial adaptation of theorem 4.1 in Schachermaver ( 20041 ). or theorem 5.2 in 
Hamel et all (|201ll l. □ 



Clearly any element u £ L p d (J-t) satisfying equati on (1161) is a s u perhe dging portfolio of X at 
time t. Thus, as an extension to the static case in lHamel et al\ (|201lh . the set of superhedg- 
ing portfolios defines a closed coherent market-compatible dynamic risk measure on L^iJ-x) as 
described in the corollary below. 

Corollary 5.2: An element u £ L p d {Pt) is a superhedging portfolio at time t for the claim 
X £ L%F T ) if and only if u £ SHP t (X) with 



SHP t (X) := {u £ L%F t ) :-! + «£ -C t)T } . 



(17) 



// the market process (K t )J =0 satisfies the robust no arbitrage condition (NA r ), then (Rt)J =0 
defined by Rt(X) := SHPt(-X) is a closed conditionally coherent market- compatible dynamic 
risk measure on L p d {Px) an d has the following dual representation 



SHP t (X)= p| (E®[X\P t ] + G t (w)) , 

(Q,iu)eW { * r} 



where t € {0, 1, T} and 

{(Q,«')G% t = V*e{i,...,r} 

diag (w) diag E 



(18) 





~dQ 






~d® 




(e 






^ E 








_ dF 




_ dF 



£L q d {P s -K~ 



Proof: Theorem 15.11 condition (i) implies equation (|17p immediately. Setting Mt = L^Tt) for 
all times t = 0, 1, ...,T, and since —Ct,T = ST=t ^dC^s! Ks) it follows from K s {uj) being a 
convex cone with C K s (oj) for all s £ {t,...,T} and for all uj £ Q that the set —Ct t T is 
an acceptance set at time t as it satisfies definition 12.91 This also trivially implies that —Ct y T 
is market-co mpatible. Furthermore , —CtT f= ^(^t) is a convex cone and closed in LPJJFt) 
(follows as in ISchachermaven (120041 )) . Thus, = SHP t {-X) as defined in equation (fT7|) is 

by prop osition 1 2 . 1 1 1 a closed, coherent, and market-compatible conditional risk measure. 



By theorem 15.11 condition (ii) the set SHPt(X) of superhedging portfolios of X at time t 



described in equation (|17p can also be written in the form 
SHP t {X) -- 



P| {ueL p d (F t ):E[Z%X] <E[Zju]} 
zeCPPt 



(19) 



where CPPt is the set of consistent pricing processes starting at time t such that for all s > i 
Z s £ L^(J r s ;ET+)\{0}. Equation (fl9|) is equivalent to CEH]) as there is a one-to-one relationship 
between the set CPPt and Wf t T y Given a consistent pricing process Z, we can create a pair 
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(Q, w) G W { \ T} by denning to := E [Z T | Ji] = Z t € L^; ^t + )\ {0} and 

dP ' E[(Z T )i]" 

Conversely, a pair (Q, w) G T | yields a consistent pricing process Z starting from time t 

by letting Z T = diag (to) diag (e g J" t ) 1 g and Z s = E [Z T | J" s ] for all s = t, T. 

Finally, conditional coherence follows from corollary 14,91 and the fact that if (Q, w) G W? t T y 
and A G L°°(P t ) ++ then (Q, Aw) € Wl T} trivially. ' □ 

The probability measures Q with (Q, w) G W? t T j can be seen as equivalent martingale 
measures. Indeed, the component Qj, i = 1, d is a martingale measure if asset i is chosen as 
numeraire. 

It remains to show that the dynamic superhedging set (as a coherent risk measure) is multi- 
portfolio time consistent. 

Lemma 5.3: Under the (NA r ) condition, the set-valued function Rt{X) := SHPt(-X) defined 
in corollary \5.2\ is a normalized multi-portfolio time consistent dynamic risk measure. 

Proof: We have already shown that the acceptance set of R±(X) = SHP t (—X) is A t = —C^t = 
Y^=t L d(^ K s)- Tne one ste P acceptance set is given by A tit +i = A t nL d (P t+1 ) = L P d (F t ;K t ) + 
(EL+i I%?s\ K s)) n L%F t+l ). Since it holds 

T / T \ T 

s=t+2 \s=t+2 / s=t+2 

it can easily be seen that A t = A t) t+i + A t +\ is satisfied for any time t. Since M t = L^(J-j) C 
Z^P^t+l) = Mt + i for all times t, theorem 13.41 implies that (R t )J =0 is a multi-portfolio time 
consistent dynamic risk measure if it is normalized. Note that SHP t (0) = A t n LPATt) and 
since the solvency cones contain , it holds SHPt(0) D L d (Pt) + , and by (NA r ) we have 
SHPt(0) n L p d (Pt) = for every time t, which implies for coherent ri sk measures t hat (R t^ 



is normalized (as mentioned in section [2] and shown in property 3.1 in I Jouini et al\ (12004! ) ). □ 



In the frictionless case the no arbitr age cond i tion i mplies A t ^ t+ i = A t C\L p d {Ft+i) = L p d {Ft\ K t ) + 
LPJJFt+i; Kt+i) (see e.g. section 4.2 in Penner ( 20071 )). but in markets with transaction costs this 



is not necessarily true and the one step acceptance sets are in general A^t+i = A t n L d (Ft+i] 
L p d (F t ; K t ) + L p d (Ft + i] K t+ i) + (Y^=t+2 L %Fs] K s )) nL p d (F t+ i), i.e. it is possible to benefit from 



J d\ J t,^tj-r^ d y; t +L,^t+LJ-r ^ s =t+2 ^dW s,^sj J ' <-" d \ 

J-f+i-measurable trades carried out at t G {t + 2, ...jT 1 } without creating a (robust) arbitrage. 
This also means that SHPt restricted to the space L d (Ft+i) is no longer equal to the set of 
superhedging portfolios at time t allowing trading until time t + 1 as it is in the frictionless case. 

Remark 11 : Since multi-portfolio time consistency is equivalent to recursiveness (theo- 
rem [33]), the set of superhedging portfolios satisfies under (NA r ) 

SHP t (X)= |J SHP t (Z)=: SHP t (SHP t+1 (X)). (20) 

zeSHP t+1 (x) 
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The recur siveness leads in a s t raight forward manner to the recursive algorithm given by theo- 
rem 3.1 in Lohne and Rudloff ( 201ll ) and thus simplifies the proof of that theorem significantly. 
Direct observation or using lemmaESlfor (R t ) t=0 defined by R t (X) := SHP t (-X) being market- 
compatible (corollary 15. 2\i , normalized and multi-portfolio time consistent (lemma I5.3f) , yields 
A t +i = A t +± + Y2 s =t+l ^d(F s ; K s ) for each t, and in particular 



A t+ i 5 A t+1 + 



f T \ 

£ L p d (T s] K s )\nL%T t+l ) 

\s=t+l J 



Then, proposition EH] implies SHP t+l {X) = SHP t+1 (X) + (EUt+i ^(-^ K »)) n£5(%) 

which leads to SHP t+1 (X) + A ut+1 = SHP t+ x(X) + L p d (F t ;K t ). Thus, the recursive form ([20]) 
reads as 

SHP t (X) = |J {u G L%T t ) :-Z + ueA t } 
zeSHP t+1 {X) 

U ^ u e Am} 

= {ti G L P d {Ft) : u G SHP t+1 (X) + A t , m } 

= G L^(JF t ) : u G SHP t+l (X) + L%T t \ K t )} = SHP t+l (X) n L*(.F t ) + L^; tf t ), 

for t G {T — 1, ..., 0|. Together with SHPr( X) = X + Kr one obtains a recursive algorithm, 
which is shown in Lohne and Rudlofi ( 20 111 ) to be equivalent to a sequence of linear vector 
optimization problems that can be solved by Benson's algorithm. 



5.2. Average value at risk 

In this section we will discuss a dynamic set-valued average value at risk with time t parameters 
A* G L2°(J-t), < A* < 1, that is defined by the following dual representation 

AV@R?(X) := p| {E q [-X\ T t ] + G t (w)) n M t 

(Q,w)£W t x 

for any X G L^{jFt) and set of eligible portfolios given by a closed subspace M t C L d {JF^). We 
denote 



W t A : 



-l ? 



(Q, w) G W t °° : diag (w) ^diag (A*) 
for the regulator version and 

(Q, w) G W^ K : diag (w) ( diag (A*) _1 1 - diag 













_ cflP 







W t x : 



G Lf{F T ) 
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for market compatible average value at risk, where 1 := ( 1, 1) G Mr. A p rimal definition of 
the static set-valued average value at risk can be found in lHamel et all <|2012h . 



Proposition 5.4: (AV@Rt)^_ Q is a normalized closed conditionally coherent dynamic risk 
measure. 



Proof: (AV@R£) t _ _ n is a closed coherent dynamic risk measure by definition, see corollary 14.81 
It is conditionally coherent by corollary 14.91 since is conditionally conical in the second 
variable. 

To prove normalization, take uq G AV@R^(0) and ux G AV@R^(X). Then, for every (Q, w) G 
it holds that u G G t (w) n M t and u x G (E<* Ji] + G t (uj)) n Af t . It follows that 
u x + u € G t (w) n M t + (E« Ji] + G t (u;)) n Af t C (E« J" t ] + G t (w)) n M t , and 
therefore ux + u G The other direction trivially follows from G AV@Rt(0). □ 

Remark 12 : If A* = 1 with M t = L\{T t ) then it can be seen that 

= j(Q»«0 G M«,(P) x L^(J-,) + \{0} : ^ G L^(Ji). 

and thus = E [— X| 7" t ] + L l d (F t )+ for any X G L^Tt)- Therefore, for any choice of 

M t we have AV@R?(X) = (E [—X\ T t ] + L l d (T t )+) n M t for any X G Lj(Jr). 

If P(A* < 1) > then it can easily be seen that (AV@Rt) r [ =0 is not recursive since there is no 
relation between the set of dual variables through time. Therefore, there is no relation between 
the acceptance sets between time t and time t + 1. Thus by proposition 15.41 and theorem 13.41 the 
set-valued average value at risk is not a multi-portfolio time consistent risk measure. 

By the procedure described in proposition 13.101 a multi-portfolio time consistent version of 
th e set-valued average value at risk can be obtained, analogous to the scalar version defined 
in Cheridito and Kupper 1 201 ll ) . To obtain a nice dual representation of this composed AV@R 



further research concerning stability properties are necessary, which are left for further research 
at that time. 
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